ABSTRACT. The space of the global sections of chiral de Rham complex on a compact Ricciflat Kähler manifold is calculated and it is expressed as an invariant subspace of a βγ − bc system under the action of certain Lie algebra.
INTRODUCTION
In 1998, Malikov et al. [1] constructed a sheaf of vertex algebras Ω ch X called the chiral de Rham complex on a complex manifold X. It has a grade of conformal weight, and the weight zero piece coincides with the ordinary de Rham sheaf. This construction has substantial applications to mirror symmetry and is related to stringy invariants of X such as the elliptic genus [8] . According to [7] , on any Calabi-Yau manifold, the cohomology of Ω ch X , called chiral Hodge cohomology, can be identified with the infinite-volume limit of the half-twisted sigma model defined by E. Witten.
We will study the chiral Hodge cohomology H * (X, Ω ch X ) of X, especially, H 0 (X, Ω ch X ), the space of the global sections of Ω ch X . There is a chiral duality theorem for H * (X, Ω ch X ) [3] , which restricted to weight zero piece is the Poncáre duality. Certain geometric structures on X give rise to interesting substructures of H 0 (X, Ω ch X ). For example, if X is a Calabi-Yau manifold, H 0 (X, Ω ch X ) contains a topological vertex algebra structure, or equivalently, an N = 2 superconformal structure [1] . If X is hyper-Kähler, H 0 (X, Ω ch X ) contains an N = 4 superconformal structure with central charge c = 3N, where N is the complex dimension of X [8] [9] . Describing the vertex algebra H 0 (X, Ω ch X ) is a difficult problem. In [2] , when X is projective space, there is a description of H 0 (X, Ω ch X ). In [5] [6], we gave a complete description of H 0 (X, Ω ch X ) when X is a K3 surface: it is isomorphic to the simple N = 4 algebra with central charge c = 6. In this paper (Corollary 5.9), when X is a compact Ricci-flat K ahler manifold, we will show that H 0 (X, Ω ch X ) is an invariant subspace of a βγ − bc system under the action of certain Lie algebra.
The calculation of H 0 (X, Ω ch X ) is through the following steps. We first find a soft resolution (Ω 
andD is an elliptic operator. At last, we use the Bochner technique to show that if the holonomy group of X is SU(N) with holomorphic volume form ω, H 0 (X, Ω ch X ) is isomorphic to W(T x X) Vect(TxX,ω|x) . W(T x X) is the βγ − bc system onT x X and Vect(T x X, ω| x ) is the space of the algebraic vector fields onT x X which preserve ω| x . We have the similar result if the holonomy group of X is Sp(
). These results can be regarded as vertex algebra analog of a theorem of Bochner ( [11] , p. 142), which says that holomorphic sections of the vector bundle given by tensors of tangent and cotangent bundles on a Kähler manifold with Ricci tensor zero are exactly the parallel sections.
The plan of the paper is following: in section 2, we introduce the Lie algebra of algebraic vector field on a vector space, its action on the βγ − bc system of the vector space and the invariants under the action; in section 3, we introduce the chiral de Rham complex and chiral Hodge cohomology; in section 4, we introduce a harmonic theory for H * (X, Ω ch X ). in section 5, we calculate the space of global sections of chiral de rham complex of the compact Ricci-flat Kähler manifold.
βγ − bc SYSTEM
Let V be an N dimensional complex vector space. The βγ-system S(V ) and bc-system E(V ) were introduced in [10] . The βγ-system S(V ) is generated by even elements β x ′ (z),
x ′ ∈ V and γ x (z), x ∈ V * with OPEs
The bc-system E(V ) is generated by odd elements b x ′ (z), x ′ ∈ V and c x (z), x ∈ V * with OPEs b x ′ (z)c x (w) ∼ x, x ′ (z − w) −1 .
Here for P = β, γ, b or c, we assume a 1 P x 1 + a 2 P x 2 = P a 1 x 1 +a 2 x 2 .
Let S + (V ) be the subalgebra of S(V ) generated by β x ′ and α x , S + (V ) is a system of free bosons. Let
Let W (V ) be the vector space linearly expanded by even vectors β
These operators are super commutative. Let
There is a canonical isomorphism
by acting on the unit of W(V ). Throughπ, W(V ) is a free module of C[γ
The following two equations are often used in this paper. For any elements A and B of a vertex algebra, we have
In this paper, if there is no confusing arising, a vertex operator A(z) will be written as A.
An Hermitian form on W + (V ).
If there is an positive definite Hermitian form on V . Let
equipped with a positive definite Hermitian form (−, −) with the following property:
(β
The Hermitian form (−, −) can be constructed through the following process. On W (V ), there is a positive definite Hermitian form such that
is an orthonormal basis of W (V ). This Hermitian form induce an Hermitian form on SW (V ) by tensor product, and then we get a positive definite Hermitian form on W + (V ) through the linear isomorphism π, which satisfies Equations (2.3). Let V A (V ) be the vertex algebra generated by the following elements:
Because
and
: b
:
Since the wick product of l copies of D ′ (z) is l!D(z) and the wick product of l copies of
W + (V ) is graded by conformal weights k and fermionic charges l:
are finite dimensional vector spaces and perpendicular to each other under the Hermitian metric we defined.
Algebraic vector fields on V . The space of algebraic vector fields on V is a graded Lie
. P i are homogeneous polynomial of degree n + 1. For
Here L v is the Lie derivative of v.
We consider the Lie subalgebras of Vect(V ) of type A N −1 and type C l .
Lemma 2.2. Vect
A (V ) have the following properties:
Proof.
(1) Elements in Vect 
When n ≥ 0, the contraction map is surjective. By Weyl's dimension formula,
it is generated by a non zero element and Vect
Lemma 2.3. Vect C (V ) have the following properties:
is generated by Vect 
Proof.
(1) This is straightforward.
(2) There is an isomorphism V → V * , v → ι v ω by the contraction with ω. It in-
The proof is the same as the proof of Lemma 2.2(3).
Invariants under the action of vector fields on βγ − bc system. Vect(V ) has a canonical
By a direct calculation, we have Lemma 2.4. L is a Lie algebraic homomorphism.
. Let e i = (0, · · · , 0, 1, 0 · · · , 0) ∈ Z be the elements with i-th component 1 and others 0.
For any symbol 'X', let
Lemma 2.6.
Proof. We only need to show the first equation.
For any a ∈ W(V ) g , a can be regarded as a polynomial of γ
will not increase the degree of γ
a is a polynomial of degree k + 1 and the part of degree k + 1 is −γ
Since a is g 0 invariant, so a k is g 0 invariant and (
so we must have β
Proof. By Lemma 2.2 and Lemma 2.3, g is generated by g 0 and g.
Lemma 2.10. For any nonzero
Let g 0 [t] = ⊕ n≥0 g 0 t n be the Lie algebra given by
The action of g 0 on V induces an action of g 0 [t] on SW (V ), which is given by
Let SW n (V ) be the linear subspace of SW (V ) which is spanned by the monomials of γ, β, b, c with the property that the number of c in the monomial plus double of the number of γ in the monomial is n.
. Let
We have K 0 a k = 0.
[K 0 , γ
So inductively, we can show
Her c l 1 ,··· ,ln are positive numbers. When l large enough,
super conformal vertex algebra with central charge c = 6. That is
From [15] and the classical invariant theory [16] , as a ring with a derivation ∂, SW (V )
Here the derivation ∂ is given by
according to the polynomial representation of a k . We have
From the above thereom, We may give the following conjecture Conjecture 2.14.
CHIRAL DE RHAM ALGEBRA
The chiral de Rham complex introduced in [1] [2] is a sheaf of vertex algebras Ω ch X defined on any manifold X in either the algebraic, complex analytic, or C ∞ categories.
In this paper we work in the complex analytic and C ∞ settings. Let W = W (C N ) and
If X is a complex manifold and (U,
] module by identifying the action of γ i (−1) with the product of
Then Ω ch X (U) is the vertex algebra generated by
These generators satisfy the nontrivial OPEs
as well as the normally ordered relations
Throughπ, we have a linear isomorphism
Here
Letγ 1 , · · ·γ N be another set of coordinates on U, with
The coordinate transition equations for the generators are
Global sections. There are four sections in Ω ch X (U):
They makes Ω ch X (U) a topological vertex algebra. For a general complex manifold X, L(z) and G(z) are globally defined. Q(z) and J(z) are not globally defined. But Q (0) and J (0) , the zero modes of Q(z) and J(z), are globally defined. The operators L (1) and J (0) give Ω ch X the grades of conformal weights k and fermionic numbers l, respectively.
If X is a Calabi-Yau manifold, there is a nowhere vanishing holomorphic N form ω on 
. These eight sections are generators of the
If X is a hyperKähler manifold with the symplectic holomorphic form ω, let (U,
be a coordinate system of X such that locally, and
Cohomology of chiral de
we have Lemma 3.1. For any complex manifold, the obviously imbedding
is a quasiisomorphism.
Let SW be the complex conjugate of SW . Locally, we have a linear isomorphism
This give the isomorphism 
It is also the cohomology of complex
is a sheaf of vertex algebra and
So the cohomology of the complex (Ω 
HARMONIC THEORY FOR CHIRAL DE RHAM COMPLEX
In this section, we assume the X is a compact Kähler manifold with the Kähler form
A canonical isomorphism. Let (U, γ 1 , · · · , γ N ) be a holomorphic coordinate system of X. 
Their nontrivial OPEs are
, 1 ≤ i ≤ N and n < 0, be the polynomial ring generated by negative modes of B, Γ, b and c.
We have a linear isomorphism
Restricting I U on SW γ ⊗ {1}, we get a linear isomorphism
is another holomorphic coordinate system of X with γ i = g i (γ)
Similarly,c 
+ for x ∈ U, respectively. As antiholomorphic vector bundles, SW (T X) and W + (T X) are isomorphic to E.
with n < 0. It is a set of basis of SW γ . Let Let Ω 0,k X (SW (T X)) be the sheaf of smooth (0, k) forms with values in SW (T X) and Ω 0, *
I U are compatible under the coordinate transitions. They give an isomorphism of sheaves of vector spaces Let θ ij = −H ik∂ H kj be the connection one form. Then for k < 0, Using the Kahler metric on X, , λ can be extended to SW (T X) ⊗ ∧ * T * . Let
∂ operator. A straight forward calculation shows that Lemma 4.1.
Since H ij dγ i ∧ dγ j is a Kähler form, locally, there is a one form h j dγ j with ∂h j dγ j =
.
By Lemma 4.1, we have

Lemma 4.2.∂Γ
By Lemma 4.2,
By compare it with Equation (4.2), to show the Equation (4.2), we only need to show that 
This can be shown by induction on n. When n = 0, a = 1, if k ≥ 0, both sides of the equation is zero; if k < 0
If Equation (4.3) is true for a, for l < 0,
j).
When |s| = 0, [Γ 
We get the equation.
Here Q a,a ′ only depend on a, a ′ and H ij and Q a,a ′ is a first order differential operators which takes value in Ω 0,1 (U).
Proof. The operators :: Γ s c i : 
is a complex.
The symbol ofD is
Let's show that for any nonzero ξ = (ξ 1 , · · · , ξ N ), any p ∈ X, the symbol sequence
Without loss generality, we can assume
p can be uniquely written as:
where a 1 and a 2 do not involve dγ 1 . If σ(D)(ξ)a = 0, it follows that
This proves the lemma.
LetD * λ be the dual operator ofD under
The Laplacian ∆ i λ are elliptic operators. By the Hodge theorem for elliptic complexes,
GLOBAL SECTIONS ON COMPACT RICCI-FLAT KÄHLER MANIFOLDS
In this section, we assume X is a compact Ricci-flat Kähler manifold. We will calculate the space of global sections of chiral de Rham complexes on X. group G of X. That isr
Let∂
The isomorphismr x is given by restricting the section a of SW (T X) to a point x ∈ X, that
Since B i 0 and ∇ 1,0 are commutative with a ∈ SW γ , we have
Lemma 5.2. If the kähler metric of X is Ricci flat,
Proof. If the kähler metric is Ricci flat, i.e.
D can be written in the formD
Locally by Lemma 4.4, 
So∂a n = 0. Inductively, we can get∂ ′ a = 0 and
respectively. We can define the restriction
Any holomorphic section a of Ω ch X , locally on U ∋ x , can be written as a| U = a U f , for a U ∈ SW γ and f is a smooth function on U. By lemma 5.3,∂ ′ I −1 (a) = 0. It is a parallel section, ∇I −1 (a) = 0, which imply f is a constant. We can assume f = 1. So
which is the composition of the restriction to the open set U,
So r x is a homomorphism of the vertex algebra. We have
Lemma 5.4. r x is injective and it is a homomorphism of the vertex algebra.
If the holonomy group of X is SU(N) and ω is a nowhere vanishing N holomorphic form of X. There is a linear isomorphism, φ :
Vect 0 (T x X,ω| x ) is the complexification of the Lie algebra of SU(N). So
Similarly, if N = 2l is even and the holonomy group of X is Sp(l). Let ω be a holomorphic symplectic form of X. There is a linear isomorphism, φ :T x X → V , such that
Vect 0 (T x X,ω| x ) is the complexification of the Lie algebra of Sp(l). So 
If X is an N dimensional compact Kähler manifold with holonomy group G = Sp(
) and ω is a holomorphic symplectic form, then
The isomorphisms are given by r.
Proof. Assume the holonomy group of X is SU(N). By Lemma 5.4, we only need to show is N i . By Proposition 5.8, we can assume the holonomy group of X i , 1 ≤ i ≤ n, is SU(N i ) and the holonomy group of X j , n < j ≤ k, is Sp(
). Let ω i , 1 ≤ i ≤ n, is a nowhere vanishing holomorphic N i form of X i and ω j , n < j ≤ k, is a holomorphic symplectic form of X j . Let G 0 be the restricted holonomy group of X. G 0 is the holonomy gourp of 
So
Corollary 5.9. If X ia s compact Ricci-flat Kähler manifold,
